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Piloted Simulation of an Onboard
Trajectory Optimization Algorithm
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This paper describes a real-time piloted simulation of algorithms designed for onboard computation of time-
optimal intercept trajectories for an F-8 aircraft. The algorithms, derived using singular perturbation theory,
generate commands that are displayed to the pilot using the flight director needles of the 8-ball. By zeroing out
the horizontal and vertical needles, the pilot flies an approximation to a time-optimal intercept trajectory. The
available display and computation modes are described and the results are presented illustrating the performance
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of the algorithms with a pilot in the loop.

Nomenclature
Cp = drag coefficient
Cp, =drag coefficient for a=0 "
C, =1ift coefficient

C, = slope of lift coefficient curve, 1/rad

D =drag, N

D, =drag for L=W, N

E =total energy per unit weight, m

E, =long-range cruise energy level, m

G =load factor

H =variational Hamiltonian

h =altitude, m

K =induced drag parameter

K, . K, =gains, 1/s

=lift, N

=horizontal lift component, N

=vertical lift component, N

= Mach number

=mass, kg

= dynamic pressure, N/m?

=range, m

=reference area, m?

=thrust, N

=time

=velocity, m/s

=weight, N

=target centered horizontal axes, m

= angle of attack, rad

=heading, rad

=flight-path angle, rad

= perturbation associated with a particular variable

=small parameter used for singular perturbation
analysis

=induced drag parameter

=line-of-sight angle, rad
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Ya =desired flight-path angle, rad
A = energy costate, s/m
Aoy = position costates, s/m
Ng = heading costate, s/rad
i =bank angle, rad
p = air density, kg/m?
Subscripts
C =climb
D = descent
f =final
max = maximum
min = minimum
T =target
0 = outer solution variable or solution
1,2 = boundary-layer variables or solution
Superscripts
c =climb
d =descent
Introduction

HIS study was initiated to test and demonstrate the

feasibility of computing optimal trajectories onboard an
aircraft in real time. The computation of optimal trajectories
is a complex numerical problem which has required com-
puters that cannot be flown aboard an airplane. The state-of-
the-art in small, powerful computers recently has improved
enough so that a solution of this problems is now feasible.
Even with modern computers, the complexity of the problem
of computing optimal trajectories requires simplifications and
the use of efficient algorithms to accomplish the task. Recent
work on the application of singular perturbation techniques
to trajectory optimization problems has been used here to
develop the needed algorithms.!?

Applications of singular perturbation theory to flight
mechanics problems have, to date, centered primarily on
aircraft trajectory optimization. In the late sixties and early
seventies, a number of papers appeared in which energy state
and other reduced-order modeling methods were in-
troduced.>* Matched asymptotic expansions were employed
somewhat later.>® The long-range, three-dimensional mini-
mum-time intercept problem also has been studied.” The deri-
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vation of the results presented in this paper is based mainly on
a multi-time-scale method.®

The particular problem of time optimal intercept trajec-
tories for aircraft was chosen as a representative task for
onboard trajectory computation for several reasons. This
problem occurs in a number of real situations that range from
computation of minimum time trajectories to a fixed point to
air combat scenarios. Also, the singular perturbation for-
mulation of this problem allows for a good bit of off-line
computation which serves to minimize the amount of com-
putation that must be done in real time. These aspects will be
discussed in more detail in a later section.

This work should be considered as demonstration of a
trajectory optimization algorithm which has been mechanized
in real time and with a realistic aircraft simulation. The
techniques applied here to generate algorithms for the time-
optimal intercept problem can be applied to other op-
timization problems as well. Also, the concept of relying on
the pilot for implementation of the commands displayed to
him rather than executing them automatically is useful for
many situations where a very sophisticated automatic control
system would be undesirable.

Description of Simulation

The F-8 aircraft was chosen for this simulation because of
the availability of a very realistic simulation of NASA’s
Digital .Fly-by-Wire (DFBW) aircraft, which is an F-8C
modified so that the only link between the pilot and the
aerodynamic control surfaces is through the onboard digital
computer. The flight envelope of the DFBW aircraft is shown
in Fig. 1. The zero energy rate contour defines the limits of
level steady-state flight with full thrust and afterburner. This
contour along with the dynamic pressure limit below 5100 m
altitude and the maximum angle-of-attack boundary at low
speed define the envelope for steady-state flight.

The Langley simulation of the DFBW aircraft uses a
complete six-degree-of-freedom model that accurately
represents the aircraft throughout its flight envelope. This
software is resident on Langley’s Real Time Digital
Simulation System consisting of several CDC 6000 series and
Cyber 175 computers and associated analog and digital in-
terfaces.

The cockpit used for the simulation is a general-purpose
fixed-base cockpit used at LaRC to represent various types of
aircraft from small general aviation airplanes to the Space
Shuttle. For the F-8 simulation, this cockpit has the standard
instrumentation necessary for determining aircraft attitude,
velocity, acceleration, angle of attack, and sideslip angle. The
rudder pedals are standard for a jet fighter, the throttle is
from an actual F-8 cockpit, and the stick is a sidearm stick
with force rather than displacement transducers.

The information generated by the optimal trajectory
algorithms is presented to the pilot by flight director needles
on the attitude indicator at the center of the instrumentation
panel. His task is to keep both horizontal and vertical needles
centered in order to remain on the optimal intercept trajec-
tory. In addition, the pilot modulates the throttle during the
descent part of the trajectory to null a display indicating
desired thrust.

Problem Formulation

The point mass equations of motion for the aircraft are
referenced to a horlzontal target centered, inertial coordinate
frame:

X = Vcosycos 8 M
y=VcosysinB— Vrcosyr )
E=(T-D)V/W 3
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B=Lsinu/ (mVcosy) @
h=Vsiny )
v=(Lcos p— W cosy)/mV ©)

The variables in Eqs. (1-6) are defined with the aid of Fig. 2
where the subscript 7 is used to designate the target. For the
purpose of generating control algorithms, it is assumed that
the target is flying with constant velocity V7, not necessarily
in a horizontal plane. The point mass equations are valid for a
flat Earth, with thrust 7T directed along the flight path, and
weight constant. Drag D is assumed to have conventional.
parabolic form

D=qSCp, +KL?/(gS) )

g=pV?/2 3)
where g is the dynamic pressure, p is the air density, and

K"—_T]/CLa : (9)

L=gS8C, =qS(CLaa) (10)

The variable E is the total aircraft energy (k1net1c plus
potential) per unit weight

E=h+V?/(2g) (11)

where h is the aircraft a‘ltitude. The control variables afe
aircraft lift L, bank angle u, and thrust 7. The objective is to
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Fig. 1 Flight envelope for F-8.

Fig.2 Horizontal projection of iritercept geometry.
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find the controls L, d, T that minimize

J= S;f dt (12)

subject to the following state and control variable constraints:
L<WGi,,a 13)

L sqscLaama,; (14)

Tonin (WM) <T<T,, (b M) @1s)

d=<Gnax> M=sM_,, (h) (16)

where G, is the maximum load factor, o, the stall angle
of attack, Ti;, and Ty, the thrust level limits that are func-
tions of aircraft altltude and Mach M. The boundary con-
ditions are such that the initial aircraft state is fully specified
and require

x(try =y (t;) =0, h(ty) =hy(ty) an

for intercept, where hr(Z;) is taken as the projected target

motion in altitude

hT(tf)=hT(0)+(VTsinyT)tf (18)

Summary of Control Algorithm

A total of two control modes and four display modes have

been implemented. Any display and control mode com-
bination may be selected by the pilot to drive the flight
director needles. The display modes are: 1) lift and bank angle
command; 2) altitude rate and heading command; 3) Mach
and heading command; and 4) cruise altitude and heading
command. The control modes are designated as control
modes I and II. The algorithms that are used to compute the
display variables for both control modes are described below.

Control Modes I and II

The control mode I algorithm is based on a singular per-
turbation solution to the three-dimensional minimum time
intercept problem, in which horizontal velocity, energy rate,
and heading rate dynamics have been optimized on separate
time scales.? This is done analytically by multiplying the left-
hand side of Egs. (3-6) by increasing powers of e and ex-
panding the solution to these equations as a power series in e.
The power series approximations are substituted into Egs.
(1-6) and coefficients of corresponding terms ‘equated to
arrive at a new set of equations. This technique is useful only
if the power series expansions are truncated at low order, and
for this study zeroth-order expansions are used. The four
boundary layers are separated by rescaling time as
,=t/€,i=1, . . ,4, respectively, then setting e=0 in the
resulting equations. The control algorithm is summarized by
the following set of equations.

Outer solution (optimal cruise):

hy,Ey=arg {n}’%x (M} (19
Bo=sin~! { Vycosyrcosh/Vy} +A (20)
Ay, = —c0sBy/ (V= Vrcos yrsinBy) 2n
Ay, = —sin By/ (Vy— Vrcos yrsin By) (22)

Vo=~ (Eg—hy)2g 23)
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First boundary layer (optimal climb and descent):

Tmax _DO) |4

S JE=Fane Tan>D (9

§=afg min{(
h

Tmin_DO) |4

( .
h{=arg max {—W}E=Ecumm Thin <D (25)

Ng,=—WHy(E,h;)/ [V (T;=Dy)] (26)

where V, and h; are the conditions along the climb (descent)
path, and

Hy=X\,, V; cosBy+ Ny, (VysinBy — Vrcosyr) +1  (27)
T} = Tyax for climb or T, for descent (28)
Dy=qSCp,+KW?/(qS) 7 29

Second boundary layer (optimal turn):

Ly, =N —gsWH, (E,h,8)/ (VK\s)) *sign (8, — B) (30)
hy =arg {(min[ = p/ (H, (Eh6)KV)1]
,

E= Ecurrent, B = Bcurrem (3 1)
Ng, = —ZH,(E,hZ,B)mVZ/L,,z 32)
where V, is the velocity corresponding to E and #4,, and

H;=Hy+N\z(T—Dy) VI W (33)

where H,; =H,(E,h,(3). The geometric variables used in the
above equations are defined in Fig. 2. All of the solutions are
subject to the aerodynamic and propulsion limits given by
Egs. (13-16). Equation (19) in the outer solution provides the
optimal (maximum velocity) cruise condition for long-range
intercepts, which is shown as point A in Fig. 1. This can be
computed off line since it is independent of target parameters
(Vryr-Ar). The intercept heading B8, and outer solution
costates ()\XO,)\ ) must be computed on line. The first
boundary-layer solutlon gives the optimal climb and descent
paths (#5$,h9) as a function of current total energy. These
functions can also be precomputed and stored. The energy
costate (A\g ;) must be computed on line. The second boundary
layer computes the horizontal lift component needed to null
the heading error (8, — ), and the desired altitude for tur-
ning. The computation of L,,,,h,, and Ag, must be performed
on line. Due to the asymptotic nature of the solution, the
following limits hold®

lim Ay=h,, lim L, =0 (4)
B8—8p B8y
lim kb =hy 35)
B—Ey

These conditions are easily verified by using the conditions
that H, (E,h;,8,) =0 and H,(h,,E,) =0, which follow since
we are dealing with a free time problem.

In control mode I, 4 and y dynamics are not optimized, and
the vertical lift component is derived using the following
proportional control law to follow &,

dh
'yde,(hz—h)/V+Ed—E’/V (36)

L, =K,mV(yq—v) + Wcos y (37)
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GEOMETRY AND TARGET PARAMETERS
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Fig.3 Summary of control calculations for control mode I.
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Fig.4 Ground tracks for cases 1-3.

The second term in Eq. (36) accounts for the nonzero v
needed to follow the climb and descent paths. The constants
K, and K, are chosen to yield reasonable response without

excessive lift. Control mode II accounts for # and y dynamics .

during climb, by computing appropriate third and fourth
boundary-layer solutions.? In order to be brief, the ex-
pressions for these solutions are omitted.

Control mode I is always used during descent since the
optimal control solution calls for bang-bang lift control. This
property of the solution is due to the fact that minimum time
control calls for descent at minimum energy rate. Thus, even
in the absence of altitude or heading error, a chattering in lift
occurs in the ideal case, although this is undesirable from a
piloting point of view.

Range Matching

The long-range optimal climb path for the F-8 is labeled as
path A in Fig. 1. The optimum descent path is along the
dynamic pressure boundary. Long-range intercepts are made
up of climb, cruise, and descent legs. Descent initiation is
accomplished by comparing the current estimated horizontal
range to intercept with precomputed and stored values of
horizontal range flown along the descent path.

Short-range trajectories follow optimal climb paths to
““pseudocruise”” energy levels which are lower than the op-
timal long-range cruise energy and are generated by con-
straining £, in Eq. (19).2} A family of climb paths are
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generated and stored for a range of values for E,. A typical

_ short-range climb path is labeled as path B in Fig. 1. For

short-range intercepts, £, must be found such that the
horizontal climb range from E to E, plus the descent range
from E, to E; equals the predicted range of intercept. The
final energy is chosen such that

h{(E;) =hr €2))

. The procedure is slightly more complicated for nonzero y,. A

detailed explanation of the range matching procedure can be
found in Ref. 1.

Thrust Control During Descent

Thrust modulation is used to control descent rate so that the
range matching condition is satisfied. Two correction terms
are introduced.

T=Toi, + 0T, +0T, (39)

The first term corrects for the fact that L does not equal W

- during descent.

8T, =K(L* - W?)/(qs) (40)

The second term compensates for the current mismatch (8R)
in horizontal range.

dR
8T, = W5R/Vcos(B® — MED (41)

where Ry, is the horizontal descent range from E to E; along

the descent path. The reader is again referred to Ref. 1 for

details. In order to allow for both positive and negative
throttling, T, is nominally selected as midway between idle
power and military thrust. For climb, T, is chosen as
maximum thrust with afterburner. A block diagram for the
mode I conrol algorithm is given in Fig. 3.

Display Modes

As discussed earlier, the pilot may choose any one of four
modes for driving the flight director needles in the cockpit
display. The lift and bank angle display mode uses L., and L,
from Eqgs. (30) and (37) for the control mode I, or from the
third and fourth boundary-layer solutions in Ref. 2 for
control mode II. The altitude rate and heading command
mode uses Egs. (20) and (36) in control mode I, and the third
boundary-layer solution for v4 from Ref. 2 in place of Eq.
(36) during climb for control mode II. The Mach and heading
command mode is based on Egs. (20), (24), and (25) for both
control modes. The cruise Mach and heading mode is a pilot
director mode which uses only the outer solution Egs. (19) and
(20). No descent guidance is given to the pilot in this mode.

These four display modes were chosen both to allow the
pilot a choice in the amount of direction he wants to see and
also to have a choice as to the degree of complexity of the
algorithms used to drive the flight director needles. The lift
and bank angle display may be considered as a direct stick
command, since the flight director needles respond im-
mediately to inputs from the control stick. This mode also
requires the most computation for implementation. The
altitude rate and heading command mode allows the pilot
more of a choice in how he flies the airplane and requires less
computation than the previous mode. Similarly, the Mach
number command requires less of the computer and more of
the pilot than the altitude rate. ‘

Numerical Results

The state and control variable constraints enforced for this
problem are defined by:

G =6.5, opa =20deg

G =43,092N/m2, M, =1.6
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The miniumum and maximum thrust are functions of altitude
and Mach number, and their definitions have been gwen in
the previous section.

The first five cases shown all weré¢ flown using control
mode II and display mode 1 which shows the pllot desired
lift/ welght and desired bank angle. The last two cases will
compare control modes I-and I, and are different display
mode. Figure 4 shows horizontal pr0]ect10ns of the intercept
geometry for several cases. Cases 1-3 are intercepts with the
same geometry but different initial ranges. In each of these
cases, the target is moving in a horizontal plane *with a con-
stant velocity of 232.6 m/s. The F-8 is initially'heading along
the positive x axis. The initial range to the target for each of
these three cases is different to show the effect of range
matching calculation in picking different Ppseudocruise
energies. This can be seen in Fig. 5 which shows energy vs time
for cases 1-3. Case 1 is a long-range intercept in that thereis a
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part of the trajectory flown at approximately the optimum
cruise energy for the F-8. Cases 2 and 3 are short-range in-
tercepts in that the pilot is commanded to fly to lower
pseudocruise energy levels, prior to descent initiation. If a
continuum of possible pseudocruise energies was allowed,
instead of a discrete set, then the short-range trajectories
would consist of a climb to the pseudocruise energy, followed
by an immediate descent to the target. The discretization
results in trajectories (such as case 2) where the F-8 flies at the
pseudocrulse energy level for a short period of time.

Figure 6 shows altitude and commanded altitude vs time for
cases 1-3. This demonstrates the different altitudes
corresponding to the pseudocruise energies shown in Fig. 5.
The apparent lag in altitude along the climb pathi is a result of
using a zeroth-order singular -perturbation “solution, which
fund_amentally, behaves like a type 1 controller. That is, the
commanded altitude is assumed constant in- the third and
fourth boundary-layer solution for vertical lift, . whereas
desired altitude [Eq. (24)] actually behaves more like'a ramp
due to the positive energy rate. Note the overshoot that results
neéar the top of the climb where the desired altitude decreases
with i mcreasmg enérgy. The descent part of the trajectory is
flown using control mode I which has a correction for
nonzero -flight-path &ngle and, therefore, has negligible
steady-state error in altitude. The corner at the top of the
desired altitude trajectory and the vertical drop at the start of
descent are indications that the descent path is computed
using incomplete dynamics and cannot be flown exactly.

Figure 7 shows the ground track corresponding to cases 4
and 5 that require a large initial maneuver. For both cases, the
F-8 starts adjacent to the target but heading in the opposite
direction which necessitates an immediate high-G 180 deg
turn.
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Fig. 11 Altitude vs time with display mode 3.

Figure 8 shows altitude vs velocity for cases 4 and 5. For
cases 4 the F-8 and target are both at 3048 m altitude and the
F-8’s velocity is above the corner velocity (the velocity for
maximum turn rate) for that altitude of about 196 m/s.
Therefore, the algorithm directs the pilot to pull up initially to
reduce the velocity in addition to making the 180 deg turn.
This is called a high-speed yo-yo maneuver. By the time the
turn is completed, the F-8 is at about 300 m/s and begins the
climb to a very short pseudocrulse leg before descendmg to
the target.

Case 5 1ilustrates the opposite maneuver in that the F-8

_starts at 9144 m altitude and at a velocity lower than the
corner velocity at that altitude of about 252 m/s. The F-8,
therefore, dives' to gain velocity while making the 180 deg
turn. This maneuver is sometimes called a low-speed yo-yo.
Figure 9 shows actual and ‘commanded altitude vs time for
cases 4 and 5. The traces for case 4 illustrate the initial climb
to achieve corner velocity and the immediate dive to the climb
path. For case 5, the altitude descrepancy at the top of the
trajectory is an indication that the F-8 is lagging behind the
desired altitude and the altitude error would decrease if not
cut short by the initiation of descent. -

Each of the trajectories shown so far was flown using
display mode 1 and control mode I1. Control mode 1 does not
optimize altitude and flight-path angle dynamics; however, it
has a term which corrects for nonzero flight-path angle on the
climb path. For this reason, the commands generated in
control mode I allow the F-8 to follow the desired climb path
better than control mode II. The effect of this can be seen in
Fig. 10 which compares energy vs time for case 2 for control
modes I and II. In control mode I, the pilot is directed to
climb at a steeper angle thereby gaining energy faster. A first
order (in €) expansion for flight path angle dynamics would
have the effect of increasing the energy rate in climb for mode
II, but at a considerable computational cost.

Display modes 2 and 3 which show the pilot desired altitude
rate and desired Mach number, respectively, on the horizontal
needle and desired heading on the vertical needle were also
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flown for case 2 as a comparison with display mode 1. These
displays are more difficult for the pilot to fly since he must
anticipate the motion of the horizontal needle to a greater
degree than in display mode 1. While the altitude rate display
is not too hard to follow and is mainly just a matter of
learning to lead the neédle, the display of desired Mach
number is very difficult to follow. Figure 11 shows the desired
and actual altitude for case 2 flown with display mode 3. The
phugoid-like oscillations in the cruise segment of the flight
occur because of the lag in the response of Mach number to
pilot inputs and are difficult to eliminate. In spite of this
difficulty, it was found that the pilots could easily intercept
the target using information generated by any of the three

display modes discussed here. Miss distances to the target
were typically less than 100 m.

Since we did not use a separate computer system to perform
the onboard calculations, they were done by the CDC Cyber
175 system along with all calculations required to run the
simulation. In order to obtain an estimate of the time required
to perform the onboard calculations, a timing routine was
used under a number of different flight conditions with the
display and control modes that require the most com-
putations. The average time requ1red to go through the on-
board algorithms for‘all of these conditions was 0.0012 s, with
a maximum time of 0.0015 s and a minimum of 0.0011 s. The
memory required for the algorithms on th¢ CDC computer
was 47,744 octal 60 bit words. The number of words required
for the programs themselves was 6773 octal with the rest
going to storage (common blocks). No attempt was made to
optimize the program from the point of view of either time or
memory requirements.

Conclusions

This study demonstrates a trajectory optimization algo-
rithm which hds been mechanized in real time with a complete
and realistic simulation of an aircraft. The problem chosen to
demonstrate the technique here was time-optimal intercept for
an F-8 aircraft. The pilot flew the simulated aircraft using
various display options to tell him how to fly in a time-
optimal manner. It was shown that a pilot can use the displays
to intercept a constant velocity target effectively. The .in-
tercept trajectories generated in this manner follow realistic
three-dimensional paths including vertical plane maneuvers.
Even though the algorithms were derived under the assump-
tion of constant target velocity, the feedback form of the
control solution makes it adaptive to changes in target motion
parameters. The ability to adapt to maneuvering targets is
limited only by the speed of the onboard computer.
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